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ABSTRACT 

Let Y and Z be two closed subspaces of a Banach space X such that Y ~ {0} and 
Y + Z = X. Then, if Z is weakly countably determined, there exists a continuous 
projection T in X such that [I T[[ -- 1, T(X)  D Y, T-I(0) C Z and dens T(X)  = 
dens Y. It follows that every Banach space X is the topological direct sum of two 
subspaces XI and X2 such that Xl is reflexive and densX~* = densX**/X. 

The vector spaces used here are defined on the field K of  the real or complex 

numbers.  I f  X is a Banach space, let X* denote its dual and X** its bidual, l[ • ]] 

denotes the norm in X. As usual, we shall identify X with a subspace of  X**. If 

A is a subset of  X, As stands for A endowed with the topology induced by the 

weak one in X, .4 for the weak-star closure of  A in X**, A ± for the subspace of 

X* orthogonal to A, and A ° for the polar subset of  A in X*.  I f M i s  a subset of 

X*,  Mo denotes M endowed with the topology induced by the weak-star one de- 

fined on X*,  and M± the subspace of  X orthogonal to M. I f  x belongs to X and 

u to X*,  (x, u) stands for u (x). Let X~ be the vector space X* endowed with the 

topology of  the uniform convergence on the absolutely convex weakly compact 

subsets of  X; it is clear that the weak-star closure of  a subspace of  X* coincides 

with its closure in X~. 

When K denotes the field of  the real numbers,  H stands for the field of  the ra- 

tional ones; if, instead, K is the field of  the complex numbers, H denotes the field 

of  all the numbers a + bi, a and b rational. 

I f  A is a set, I AI is its cardinal number.  The density character of  a topological 

space E is the cardinal number ~ of  the first ordinal number such that there exists 

a dense subset A of E with ]A [ = )~. We shall write dens E := ~. 
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According to Vasak [6], let us say that a Banach space is weakly countably de- 

termined if there exists a sequence (M.) of bounded closed absolutely convex 

neighbourhoods of the origin in X such that, given an arbitrary x E X, there ex- 

ists a decreasing subsequence (M.~) of (M.) such that 

oo 

N  cx. 
j = l  

Every weakly K-analytic Banach space, in particular every weakly compactly gen- 

erated Banach space, is weakly countably determined. 

The following proposition will be used in the proof of Theorem 1. 

PROeOSITIO~q. Let (M~) be a decreasing sequence of bounded closed and abso- 

lutely convex subsets of  a Banach space X. I f  

rl  c x ,  
n = l  

the set LI~=IM~ is a neighbourhood of  the origin in X~. 

PROOF. Given 

u X*, u U 
n = l  

let us choose, for every positive integer n, 

x. E M.,  ](x., u)[ > 1. 

The sequence (xn) is bounded in X, hence it has a weak-star cluster point x0 in 

X**. Obviously, 

Xo E N Jf4n c X, 
n=l  

and I<xo, u>l ~ 1. It follows that 

n = l  

Since U~=~ n is an absolutely convex weakly compact subset of X, the conclu- 

sion follows, q.e.d. 

T~Eo~M 1. Let Y and Z be two closed subspaces of a Banach space X such 

that Y .-# [0} and Y + Z = X. Then, i f  Z is weakly countably determined, there ex- 
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ists a continuous projection T in X such that ]]TH = 1, T ( X )  D Y, T - l ( 0 )  C Z 

and dens T ( X )  = dens Y. 

PROOF. Let c~ be the density character of  Y. Let Ao be a dense subset of  Y 

such that IA01 = ,~. We can choose in Z ± a weak-star dense subset Bo such that 

IB01 -< ~. 
Let us choose in Z a sequence (M~) of  closed absolutely convex and bounded 

neighbourhoods of  the origin in such a way that, given an arbitrary vector z of  Z, 

there exists a decreasing subsequence (M~j) of  (Mn) such that 

Z E S )C4~ C Z. 
j=l  

Let us denote by I " I. the Minkowski functional of  M .  and M,~, M,~ being the 

polar set o f  M .  in X*,  n = 1,2 . . . . .  

Given positive integers r and s and arbitrary vectors x E X, u E X*,  let us 

choose 

such that 

v(x) ~ X*,  z(u,r,s) ~ Mr 

II v(x)ll = IZ(U,r ,S ) l r  = 1, 

s - - I  
<x,v<x)> = Ilxll, I<z(u,r,s),u>[ >- - - l U l r .  

S 

We shall define inductively two sequences of  subsets (A. )  and (Bn), A .  C X 

and Bn C X*,  n = 0,1,2 . . . . .  Ao and Bo have been selected before. Suppose now 

that we have defined AI . . . . .  A . ,  Bi . . . . .  B. ,  in such a way that IAil = ~ and 

I Bil -< ~, i -- 0 ,1 ,2 . . . . .  n. Let C.  and D. be the linear hull in H of the sets A .  and 

B. ,  respectively. Let us define 

A.+l = C. U [z(u,r ,s)  : u E 19., r,s = 1,2 . . . .  }, 

B.+a = D . U  [v(x)  :x  E C.}.  

o~ A * Denote by E and F t h e  closures of  U.=o . and U.==oB. in X a n d  X~, respec- 

tively. Obviously, E and F are vector spaces. 

Choose x in E, z in FI and e > 0. Select a positive integer m and a vector t in 

Am such that IIx - t ]l < e. Then 

IIxll -< I I x -  tll + Iltll < ~ + IItll = e + ( t , v ( t ) )  = e + ( t  + Z ,v( t ) )  

- e  + I < t - x , v ( t ) > l  + I<z +x,v(t)>l <-~ + l i t - x l l  + IIz + x l l - <  IIz + xll + 2e, 
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and, therefore, 

Ilxll -< Ux + zll- 

Hence E (1 F~ = {0}, and the projection T of E + Fj_ onto E along Fj. has norm 

equal to one. 

Let us suppose now that there exists v in E 1 I"1 F, v ¢ 0. Choose a vector Xo in 

X such that (Xo, v) = 3. It follows that 

;co=Yo+Zo,  YoE Y C E ,  z o E Z ,  

hence <Zo, v) = 3. We can select a decreasing subsequence (M,j) of (M,) such 

that 

zo E M := f i  ff-t~ C Z. 
j= l  

Obviously, 

(1) (v + M °) N M ° = f~. 

According to Proposition 1, UT=IM~, ~ is a neighbourhood of the origin in X~, 

hence there exists a member Mr of the sequences (M.j) and a vector w E X* such 

that 

(2) w E ( v + M: ) N ( O B") " . = o  

It follows from (l) and (2) that 

[Wlr> 1, Iw-V[r<--1. 

Let s be a positive integer such that 

s - 1  
- - I W l r >  1. 

S 

Then, z(w, r,s) belongs to E and, therefore, 

s - I  
1 > Iw--Vlr > I<z(w,r,s),w-v>l = I<z(w,r,s),w>l > ~ IWlr> 1, 

S 

a contradiction. It follows that E + Fl = X. Finally, 

T ( X ) = E D  Y, T - ~ ( O ) = F I C Z ,  I ITI[=I ,  d e n s T ( X ) = d e n s Y ,  q.e.d. 
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REt, tam(. The method used above is suggested by a simple proof, given in [3] 

(a proof which holds also in the context of Fr6chet spaces), of a result due to D. 

Amir and J. Lindenstrauss on the projective resolution of the identity operator in 
a weakly compactly generated Banach space [1]. If, in Theorem 1, Y is a 

finite-dimensional Banach space, it follows that X is weakly countably determined. 

In this situation, the former reasoning can be adapted, using a standard transfinite- 

induction procedure, to get straightforwardly a result of Vasak on projective reso- 

lution of the identity in weakly countably determined Banach spaces [6]. 

The following proposition will be used in the proof of Theorem 2. 

PROPOSITION 2. Let U, V and W be three closed subspaces of  a Banach space 
E. I f  V is reflexive and complemented in E, with U as its topological complement, 

then 

dens w / ( v  n w) <_ dens U+ densE/W. 

PROOF. Let ~o be the canonical mapping from E onto E/ (V  0 W). This last 

space is isomorphic to the topological direct sum of ~o(U) and ~o(V), and, since 

~o(U) is isomorphic to U, it follows that 

(3) densE/(VO W) = dens,p(U) + dens,p(V) = dens U +  dens,p(V). 

Let q~ be the canonical mapping from E / (V A  W) onto (E / (VA W))Ao(W). Since 

~,(v) n ¢ ( w )  = [ol, 

the restriction A of ~b to the closed unit ball B of ¢(V) is injective and continuous, 

so that, by the reflexivity of V, B is weak compact and therefore the mapping 

A : B~-, ~(B)s 

is a homeomorphism, hence 

dens,p(V) _< dens(E/(V O W))Ao(W). 

Obviously, ( E / ( V  G W))Ao(W) is isomorphic to E/W, hence 

dens ~,(V) < densE/W. 

Finally, from (3) and (4) we get 

densW/(VN W)<_densE/(VN W)<_densU+densE/W. q.e.d 
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THEOREM2. Let Y be a closed subspace of a Banach space X. I f  X / Y  is reflex- 

ire, then there exists a complemented subspace Z of X such that 

Z D Y, dens Z** = dens Y**. 

PROOF. Obviously, we can suppose Y ~: [0l. Y± is a reflexive subspace of  X* 

and X * / Y  z is isomorphic to Y*, hence, denoting by ~o the canonical mapping 

f rom X* onto X * / Y  A and by M t h e  open unit ball of  this quotient space, we can 

find a dense subset { ui : i E I I of  M such that 

] I1 = dens Y*. 

Given i E / ,  let us choose vi in the unit ball of  X* such that ~o(vi) = ui. Denot- 

ing by F t h e  closed linear hull of  [vi:i E II in X*,  ~ applies the unit ball of  F 

onto a dense subset of  M. The Closed Graph Theorem gives then ~o(F) = X*/Y.  

It follows that yA + F = X*.  

Using Theorem 1 we can get a closed subspace G of  X* which has a comple- 

ment  H such that 

densG = d e n s e  H C  yA. 

Since HA contains Y, it follows that X/HA is reflexive, hence X**/X, Y**/Y and 

(HA)**/HA are all isomorphic. On the other hand, H is weak-star closed in X*, 

hence H A coincides with the weak-star closure of  H i  in X**. Therefore Go* is 

weak-star isomorphic to ( H  ± )o and G A is reflexive. It follows that 

hence 

Therefore 

d e n s ( H  A )o _< d e n s e  

densHA _< dens Y**. 

dens Y** _< dens(H± )** = dens H I  + dens(Hi  )**/Hi 

_< dens Y** + dens Y**/Y = dens Y**, 

and, since H ± is isomorphic to (H±)**, it follows that 

dens H ± = dens Y**. 

Using now Proposit ion 2 in the case U = H ±, V = G A, W = X and E = X** we 

get V N W = G . ,  hence 

densX/GA <_ d e n s H  A + densX**/X = dens Y** + dens Y**/Y = dens Y**. 
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Let us proceed now as at the beginning of the proof: we can find a closed sub- 

space L of X such that 

L + G ± = X, densL = densX/G± <_ dens Y**. 

Let T be the closure of  L + Y in X. Then 

dens T_< dens Y**. 

Using Theorem 1 we get a complemented subspace Z of  X such that Z D T, and 

dens Z = dens T. This Z satisfies the required conditions, q.e.d. 

To prove the following theorem we shall need the following result [4]: (a) Let 

Y be a closed subspace o f  a Banach space X.  Then X + ~r is a Banach space. 

THEOREM 3. Every Banach space X is the topological direct sum of  two sub- 

spaces Xl  and )(2 such that Xl  is reflexive and 

dens X~* = dens X**/X.  

PRoof.  Obviously, it is enough to prove the result in the case 

densX  > densX**/X. 

Let a be the density character of  X**/X. Let ~ be the family of  all the closed sub- 

spaces F of X such that dens F = u. Put  

O := u I P : F E  ~1. 

G is a closed subspace of  X**. We can find a subset {xi : i E II of G such that the 

linear hull of  X U [xi : i E I} is dense in G and III -< o~. 

Given i E I we can find F/ in  ~ such that x~ E ~ .  Let Y be the closed linear hull 

o f  U IF/: i E I I  in X. Then dens Y =  a and X +  ITis dense in G. Using now the 

result (a), it follows that X + I2 = G. 

Let ~ be the canonical mapping f rom X onto X / Y .  We shall identify, as usual, 

( X / Y ) *  with y l .  Let (xn) be a sequence in the open unit ball o f  X / Y .  We can 

find Yn in the unit ball of  X in such a way that ~(Yn) = x~, n = 1,2 . . . . .  The se- 

quence (yn) has a weak-star cluster point y in X**. Obviously, y belongs to G. 

Let y = z + t, z E X, t E ]7. We shall prove that ~,(z) is a weak cluster point of 

(x,)  in X / Y :  take ~ an arbitrary positive number and an arbitrary vector u in Y±. 

There exists a positive integer no such that 

[ ( y -  yn,u)[ < ~, 

for infinitely many  n. 
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Taking into account that I~ coincides with (Y'L)~, it follows that 

I(¢(z) - x . , u>l  = I ( z -  y . , u>l  = I(Y - Y,,U>l < e 

for infinitely many n, hence X / Y  is reflexive. Theorem 2 gives now a subspace X2 

of  X with a topological complement  XI such that 

X2 D Y, dens X~* = dens Y**. 

Obviously, X~ is reflexive and 

densX~* = dens Y** = dens Y +  dens Y * * / Y  = a + d e n s X * * / X  = d e n s X * * / X .  

q.e.d. 

COROLLAgX" [5]. Let  X be a Banach space such that X * * / X  is separable. Then 

X is the topological direct sum o f  two  subspaces X~ and 2(2 such that  X l  is reflex- 

ive and X~* is separable.  

In [2], A. Sersouri provides an explicit decomposition of the type we consider 

above in the case of  a quasi-reflexive space which is isometric to its bidual. 
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